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Abstract. In this paper we address the question of the singular vortex dynamics exhib- 
ited in [15], which generates a corner in finite time. The purpose is to prove that under 
some appropriate small regular perturbation the corner still remains. Our approach uses 
the Hasimoto transform and deals with the long range scattering properties of a Gross- 
Pitaevski equation with time- variable coefficients. 
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1. Introduction 

In this paper we study the stability properties of selfsimilar solutions of the geometric 
flow 

(1) Xt = Xx A Xxx- 
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Here x = x(t> x ) £ x denotes the arclength parameter and t the time variable. The 
above equation was proposed by DaRios in 1906 [9] and re-derived by Arms and Hama in 
1965 pP as an approximation of the dynamics of a vortex filament under Euler equations. In 
this model x(t, %) represents the support of the singular vectorial measure that describes the 
vorticity. The velocity field is then obtained from the Biot-Savart integral and is singular 
at the points of the filament. Equation (pQ) follows from a Taylor expansion around a given 
point. The first term is discarded by symmetry, and then, after doing a re-normalization 
in time to avoid a logarithmic singularity, the second term gives ([1]). Therefore just local 
effects are considered and for this reason this model is usually known as the Localized 
Induction Approximation (LIA). We refer the reader to [3j and [29] for an analysis and 
discussion about the limitations of this model and to [28J for a survey about Da Rios' work. 

Starting with the work by Schwartz in [30] LIA has been also used as an approximation 
of the quantum vortex motion in superfluid Helium. In particular in the recent work by 
T. Lipniacki [23], [24] . a detailed analysis of the selfsimilar solutions of (pQ) is also made. 
A rather complete list of references about the use of LIA in this setting can be found in 
these two papers. 

Let us recall now that for a general curve in R 3 , parametrized by arclength, its tangent 
vector T, its normal vector n and its binormal b satisfy the Frenet system 

(2) 

where c is the curvature of the curve and r its torsion. Then equation ([I]) can be rewritten 
as 

(3) xt = cb. 

This explains why the term binormal flow is sometimes used as a substitute to LIA. 

Another relevant connection of ([1]) is obtained by computing the equation satisfied by 
the tangent vector 

T = Xx- 

An immediate calculation gives that T has to solve 

(4) T t = TAT xx . 

Notice that as a consequence the arclength parametrization is preserved and therefore T 
gives a flow onto the unit sphere S 2 . Equation (jlj) can be rewritten as 

(5) T t = JD X T X , 

with J denoting the complex structure of the sphere and D x the covariant derivative. With 
this formulation we identify ([5]) as the Schrodinger map onto the sphere. This equation 
can be also seen as a simplification of Landau-Lifchitz equation for ferromagnetism (see 
[22]). 
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As we have already said our main interest is to study the selfsimilar solutions of the 
binormal flow ([I]). Let us recall the known results about selfsimilar solutions. Although 
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there is a one parameter family of possible scalings that leave invariant the set of solutions, 
there is only one which preserves the property that T(t, x) is in S 2 . Namely for A > 0, if 
x(t,x) solves (HJ), so does 



Let us look for solutions of the type 

X 



i X (A 2 t,Ax). 



After differentiation we get that G has to be a solution of the ODE 

-G - -G' = G'A G" . 
2 2 

Computing another derivative and with some abuse of notation we get that T(x) has to 
solve 

(6) - |r' = T A T" = (cb)'. 

Using the Frenet equations ([2|) it follows that 

cn = cb — cm. 

2 

As a conclusion we obtain a one parameter family of curves (see [20] , [21] , [6] ) characterized 
by 

X 

(7) c(x) = a , t(x) = -. 
Let us notice that ([6]) implies 

(8) (t = 



XI X 2 



We define (T a , n a , b a )(x) to be the unique solution of the Frenet system with curvature and 
torsion as in ((7j), and initial data (T a ,n a ,b a )(0) = I3. By using the fact that the binormal 
vector is unitary an immediate consequence of ([8]) is that that for any a G R + there exists 
a pair of unit vectors such that 

(9) lim T a (x) = A±. 

x—>±oo 

In [15] it is proved, among other things, the following result. 

Theorem (Gutierrez-Rivas-Vega) Let a be a positive number, and let G a be defined by 
G' a = T a with G a (0) = 2a(0,0, 1). Then 

(i) ViG a (j^J - A+xIp^ix) - A-rf ( _ OO)0] (x) < 2aVi. 

(ii) For any test function ip(x) such that 

, 1 + \x\ 
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we have 

(10) lim j [r a (^\ - A+l M {x) - A-I^yixfj ^(x)dx = 0. 
(Hi) The relation between a and is 

_<£ 
sin — = e 2 , 
2 

where 6 is the angle between the vectors A+ and —A~ . 

Notice that ([1]) is invariant under rotations. As a conclusion, there exists a solution Xa 
of (HJ) with the initial condition 

Xo(0,x) = ^ + xI[ 0iOO )(x) + A~xI^ oofi] (x), 

for any pair of unit vectors A^ 1 , different and non-opposite. This is deduced first by 
determining the number a such that (hi) holds for A^, then taking Xa(x, t) = y/iG a (x/y/i) 
with G a given in the Theorem, and finally by applying to Xa the rotation that sends A^ 
into A±. 

Also notice that ([T]) is a time reversible flow because if x) is a solution, so is 
x(—t, —x). Therefore if we look at JT} backwards in time with the initial condition at 
t = 1 given by 

Xa0-,x) = G a {x), 

we get an example of a solution which is regular at t = 1, in fact real analytic, and that 
develops a singularity in the shape of a corner at time zero. 

The main result of this paper is given in Theorem 11.51 where we prove that under a 
smallness assumptions on a, there exist regular solutions x °f © f° r t > 0, perturbations 
of Xa, that still have a corner at t = 0. 

Remark 1.1. Equation © suggests many possible generalizations by considering other 
targets besides the sphere. Let us then introduce the notation 

/I 0\ 
!iA±B= 1 \ uAv. 
\ ±1 / 

Therefore instead of ([5]) we write 

(11) Tf = TA± T xx , 

with T a map from M. 2 onto the sphere § 2 or the hyperbolic plane M 2 depending on which 
sign is considered in (fTTI) . The positive sign stands for S 2 , and the negative one for H 2 . 
Analogously, since T = Xx, we can obtain the equation 

(12) Xt = Xx A± Xxx- 

Similar calculations and results as in [15] were done by de la Hoz |10j for selfsimilar so- 
lutions of (I12j) in the hyperbolic setting. The extra- difficulty is that there is a-priori no 
control on the size of the euclidean length of the generalized binormal vectors. 
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In order to write our results we need to recall another remarkable connection of ([12 
made by Hasimoto in [16] . It is as follows. Assume that x 1S a regular solution of ([12 
with a strictly positive curvature at all points. He defines the "filament function" as 

l 

Then u solves the nonlinear Schrodinger equation 

(14) iu t + u xx ±^(\u\ 2 -A(t))u = 0, 
with 

(15) A(t) = (±2 Cx *~ C73 +A (t,0). 

Let us notice that the identity (|15p provides us of some extra information on c and r at 
x = 0. This will be an important ingredient in the proof of Theorem 11.51 

As we see the focusing sign (+) is related to the sphere, while the defocusing sign (-) 
is connected to hyperbolic space. The real coefficient A(t) can be easily eliminated by an 
integrating factor so that (114j) can be reduced to the well known cubic NLS. This equation 
is completely integrable and among the infinitely many conserved quantities it has, we 
want to recall that 



(16) J \u{t,x)\ z dx 

is preserved. This quantity is related to the kinetic energy of the filament (see |27j ) . 
The particular selfsimilar solution Xa has as a filament function 



u a (t,x) 



e it 



Vt' 

Therefore neither u a nor any of its derivatives are in L 2 . As a consequence none of the 
other conserved quantities are finite for u a , included (|16p . However, we will see below (|20p 
that there is a natural energy asociated to u a . 
Notice that u a is a solution of equation (|14p with 

, z \ a 2 
A{t) = — , 

and 

u a (0,x) = a5 . 

Therefore, in order to study perturbations of the particular solution u a we have to study 
(|14|) within a functional setting which includes functions of infinite energy. This was started 
in [53] and then extended in [T2] and in [5] to the case of periodic boundary conditions. 
None of these works consider initial data as singular as the delta-function which is our 
interest here. There is an obstruction to do that, as it was observed in [19]. Using the 
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so-called Galilean invariance the authors proved that the solution of (|14p with A(t) = 
and u(0, x) = a5o either does not exist or is not unique. The reason is that the natural 
candidate for such a solution is 



a = e ±ia 2 log t+i£ 



Vt 

which has no limit as t goes to zero. As noticed, in our case the Hasimoto transform leads 
to (fT4|) - (fT5|) with A(t) = and therefore we have the solution u a even at t = 0. 



The study of the stability of u a was started in [2] where a weak stability result is obtained. 
We proceed as follows. First notice that after a rescaling, (|14p with A(t) = a 2 /t can be 
rewritten as 

,2- 



( 1 7 ) iu t + u xx ± ( \u\ 2 - ^ ) u = 0. 



Consider u a solution of (|17p for any i£R and t > 0. Using the so called pseudo-conformal 
transformation we define a new unknown v as 

(18) u(t,aO =Tv(t,x) = -jjvl -,- 
Then v solves 

(19) iv t + v xx ±^(\v\ 2 -a 2 )v = 0, 

and v a = a is a particular solution. A natural quantity associated to (|19p is the normalized 
energy 

(20) E(t) = i J \v x (t)\ 2 dxT^ J{\v(t)\ 2 -a 2 ) 2 dx. 
An immediate calculation gives that 

d t E{t)T^ j \\v\ 2 - a 2 ) 2 dx = 0. 

In [2] we use this energy law to prove that (|19p is globally (respectively locally) well posed 
for t > to > if E(v(to,x)) < oo in the defocusing (respectively focusing) settings. The 
global existence follows by proving the control 

IN*) - a lli 2 < C\fi. 

Let us notice here that similar tools have been also used by Tsutsumi and Yajima in [32] 
to prove scattering in L 2 for NLS with H 1 n S data. 

Our first theorem can be seen as an extension of the results in [2J. We construct modified 
wave operators for v — a in both focusing and defocusing cases, under some smallness 
assumptions. Since we are working around a non-integrable particular solution, the source 
term of equation (|19p is the linear one, with a coefficient with decay +, that is exactly 
the frame for long range effects for cubic 1-d NLS (|26|.[7].|17j). Here the situation is 
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different since the L 00 -norm of the functions we are working with is not decaying as t goes 
to infinity, being just bounded. A link can be made with the scattering for the Gross- 
Pitaevskii equation around the constant solution ([H]), but still the situation is pretty 
different. 

Given u+ we define 

Vl (t,x) = a + e ±ia2logt e ud *u + (x). 

Theorem 1.2. Let to > 0. There exists a constant ao > such that for all a < ao, and 
for all U-f- small in L 1 n L? with respect to oq and to to, the equation I119\) has a unique 
solution 

v-vi€ C([to, oo), L 2 (R)) n L A ([t , oo), L°°(R)), 
verifying, as t goes to infinity, 

(21) \\v(jt) - UiWUxa + \\v " Vl|U*((t,oo),£~) = 0{t~l). 

Let us notice that the family of solutions we have found is such that 

\\v{t)-a\\ L 2=0{\), 

as t goes to infinity, while as we said before, for a general solution of (|19p. with sign -, we 



got in [2] only a control in 0(yi). 

Once v is obtained, we recover u by the pseudo-conformal transformation (|18p . If we 
define 



ui(t,x) 



% e ±ia 2 log t ^ 



+ 



\/t \/4iri 
we get the following corollary from Theorem 11.21 



Corollary 1.3. Let to > 0. There exists a constant ao > such that for all a < ao, for all 
u+ small in L 1 n L? with respect to ao and to To, n+ in L 2 (x 4 dx), the equation Ji7| ) has a 
unique solution 

u- Ul eC((0,t ],L 2 (R))nL 4 ((0,t ], L c 
verifying, as t goes to zero, 



(22) 

In particular, 
(23) 



\u{t) - U X {t)\\ L 2 + \\U - t*ll|£4((0,t),i~) = 0{t A ) 



u(t, x) 



e 4* 



Vt 



0{U), 



L 1 



(24) 



but th 



u(t, x) 



Oil) 



L 2 



J2 

ere is no limit in L? for u(t, x) — o-^f- a s t goes to zero. 
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We shall prove below that although u does not have a trace at t = we will be able 
to construct a family of curves associated to u by the Hasimoto transform that do have a 
limit at t = 0. 

The proof of Theorem 11.21 goes as follows. We write 

v — a = w. 

If v solves (I19p then w solves 

iwt + w xx ± - (|a + w\ 2 — a 2 ) (a + w) = 0. 

The source term includes therefore two linear terms, namely 

a 2 , a 2 _ 

— w, and — w. 

t ' t 

As a first guess we can treat w as a perturbation from a free evolution at t = oo. Therefore 
let us assume that for t large, 

w{t) » e^u+, 

where e ltd xu+ denotes the solution of the free Schrodinger equation with u + as initial 
condition. Then the two linear terms lead to the Duhamel integrals 

a 2 fV-^ e ^u + -, 

Jt T 

and 

(25) a 2 r e l ^ 9 h-^u + -. 

Jt T 

Clearly there is no cancellation in the first integral which therefore diverges. As a conclu- 
sion, the initial ansatz has to be modified to 

{v-a)e Tia2lost = w. 

Doing this the second integral (|25p still remains (in fact a harmless variation of it). But 
in this case plenty of cancellations can be expected. We exploit them by the so-called 
Strichartz estimates [31] (see beginning of §2.ip . Notice that we are in one dimension case 
and these estimates were proved by Fefferman and Stein in [TT] . For our later purposes the 
rate of decay of v — v\ is crucial. The power t~± is proved using the mixed norm spaces 
L 4 L°° — L 4//3 L X introduced by Ginibre and Velo [12] and cannot be improved if we use 
standard Strichartz estimates. 

A natural question is how to construct the curves x{pi x ) from the solutions obtained in 
Corollary 11.31 There could be a problem if we want to use the Frenet frame, because we 
do not know if |n| ^ 0, and so the torsion cannot be well-defined by (I13p . This can be 
overcomed by using another type of frames [TS]. In it is proved how to construct x(£ 5 x) 
for t > and therefore to solve (|12j) with regularity assumptions similar to those given by 
Corollary 11.31 The necessary modifications are straightforward. However the existence of 
a trace at t = is very unclear. Moreover the —\ rate of decay doesn't seem enough in 
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order to prove that the formation of a corner is preserved. 

The main content of our second result is the improvement of the rate of decay of v — v\ 
by strengthening the conditions on n+. As we said, the first test to be checked is to obtain 
a better rate of convergence for the oscillatory integral (|25p . We are going to proceed in a 
different way. Recall that if u+ denotes the Fourier transform of u we obtain the identity 

}2 



e iW *u + = / e-*« +ia *u+(£)d£. 



Plugging this in the integral ()25[) we get after changing the order of integration 
where the last integral has to be understood as an oscillatory one 

B=£o J t T t£ 7 



(26) Jim I e lT ^ — = x(2 + remainder. 



This suggests to consider data u + G ff 2 which we define as 



2 



(27) ^ e L 

Similar conditions were assumed by Bourgain and Wang in [5]. 
For s,p eW , W s ' p is defined as 

W^iP = {/ | V fc / G LP, VO < jt < s}, 

and iT s = W s ' 2 . We have the following theorem. 

Theorem 1.4. Ze£ to > 0, s £ N*. There exists a constant ao > smc/i i/iai /or a// a < ao, 
for all u+ small in H~ 2 n .fP D TV 5 ' 1 wit/i respect to ao and to to? ^ fte equation I119\) has a 
unique solution 

v-vi G C([t ,oo),^ s (M)), 
verifying, as t goes to infinity, and for all integer < k < s, 

(28) \\(v - vi)(t)\\v = <?(H) , || V k (v ~ vjmv = Oit- 1 ). 

Notice that from (|26|) - fj27| ) we expect a 1/i decay coming from the linear term. However, 
in Theorem 11.41 we obtain just as rate of the L? convergence. The problem comes 

now from the quadratic terms. They are the following ones 

2a o a 2 

— \w\ , and —w . 
t 1 1 ' t 

Again the first one gives less cancellations than the second one. However the derivative 
9 x |u>| 2 behaves better and a rate of decay 1/t is also proved in this case (see Lemma l2.ip . 
Similar ideas have been used in 1141. 
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Theorem 1 1.41 is enough for our purposes. First notice that by taking u+ small and regular 
enough, we get from Theorem 11.41 a solution v regular and not vanishing. Hence we can 
define ( §3.2j) a regular curvature and torsion by taking respectively the modulus and the 
derivative of the phase of u = T(v). Then, we can use the Frenet frame to construct 
( £|3,3p a family of curves x{pi x ) that is a solution of the binormal flow for t > 0. To be 
able to use the Frenet frame is particularly useful for us, because for example equation (jHJ) 
has a natural generalization, see (|60|) . which plays an important role in proving that the 
constructed family of curves is close to the selfsimilar one Xa- Also, for proving this final 
fact, the strong rates of decay of Theorem 11.41 are crucial. 

Finally let us say that in the construction of the family of curves we shall deal just with 
solutions of (pQ) and not of (|12|) . The obstruction for doing it in the second case is the 
same as the one mentioned before: there is no a-priori control on the size of the euclidean 
length of the generalized binormal vector if we work in H 2 . This does not happen in the 
sphere setting where we are able to prove the existence of the trace of x at i = from the 
uniform bound of the curvature obtained in §3.21 from Theorem 11.41 

\c(t,x)\ < -j=. 

Using this bound in (j3J) together with the fact that b is unitary, we get the integrability of 
Xt at t = 0, and therefore the existence of a curve Xo( x ) = x(^,x) follows immediately. 
Our final result is the following one. 

Theorem 1.5. We fix e > 0, to > and a positive number a such that a < clq, where ao 
is the constant in Theorem \1.4\ Let u + small enough in H~ 2 n H 5 n W 3,1 with x 2 Uj r small 
enough in H 1 in terms of e, a and to, and let v be the corresponding solution obtained in 
Theorem \l-4\ By using the Hasimoto transform, we construct from v a family of curves 
x(t, x) which solves for to > t > 

Xt = cb, 

and such that there exists a unique xo such that 

\x(t,x) - Xq(x)| < CaVi 

uniformly on x E (— oo, oo). 

Moreover xo is Lipschitz and for x > 

Ixo (a) - Xo(0) - A+x\ < ex, 

and 

|Xo(0) - Xo(-x) - A~x\ < ex, 
with and A~ the vectors given in © and that satisfy 

_sl 
sin - = e 2 
2 

where 9 is the angle between and —A~ . 
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In the proof we show that the tangent vector of the binormal flow x we construct is close 
to the one of \a- We then prove that x ls close to Xa even at time t = 0. We recall here 
that 

Xa(0,x) = A+xI [0jOo) (x) +^~xI ( _ OOj0] (x). 

As a conclusion of the statement of Theorem 11.51 we get that Xo( x ) nes hi t ne e-cone 
around Xa(0, x), and therefore a corner is still formed for x(i, x) at t = and at x = 0. The 
angle of this corner can be made as close as desired to the one in between and — A~ 
by taking e small enough. The family of perturbations of Xa that we obtain is determined 
by the wave operator constructed in Theorem ll.41 A better description of the allowed per- 
turbations would be obtained if the asymptotic completeness of this wave operator were 
proved. This will be done in a forthcoming paper. 

The paper is organized as follows. In the next section we give the results about the wave 
operator. We start by writing the long-range profile that implies a modification of the free 
evolution, and then we find the corresponding integral equation associated to this profile. 
In the next subsections, E j2.ll and Q2.31 we solve this integral equation first in the mixed 
norm spaces (Theorem II. 4p . and then in the Sobolev spaces (Theorem II. 2\i . Subsection 
^2.21 is devoted to the proof of Corollary 11.31 

Section contains the construction of the family of curves x associated to the solution 
v obtained in Theorem ll.4l and that solve (H|). First, in £ )3.1l we obtain estimates on v from 
Theorem 11.41 In §3.21 after defining the curvature and the torsion from v, we compute 
their leading terms as t goes to zero. With this curvature and torsion, we construct in §3.31 
a binormal flow up to t = 0, as stated in the first part of Theorem 11.51 

Section 2] is devoted to the proof of the fact that the constructed flow x is close to Xa- 
In the three first subsections we show that the tangent vector of x is close to the one of 
Xa-, an d in §4.41 we conclude the second part of Theorem 11.51 

In the last section we derive some extra-information on x(i, x). Finally in the appendix 
we sketch how to construct the tangent, normal and binormal vectors of a solution of (pQ) 
from a solution of (I14p . 

Acknowledgements: First author was partially supported by the ANR project "Etude 
qualitative des EDP". Second author was partially supported by the grant MTM 2007- 
62186 of MEC (Spain) and FEDER . Part of this work was done while the second author 
was visiting the University of Cergy-Pontoise. 

2. Modified wave operators 

First we give the fixed point argument that we use to obtain the wave operator for our 
problem. Subsection §2.11 contains the proof of Theorem 11.21 in mixed norm spaces, and 
subsection §2.31 deals with the proof of Theorem 11.41 in the Sobolev space framework. In 
subsection §2.21 we prove Corollary 11.31 
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As usual for nonlinear Schrodinger equations, if we want a solution of equation (|19p to 
behave as t goes to infinity like a particular function vi, it is enough to find a fixed point 
for the operator 



Av(t) = vi(t) 



+ i J™ e^ 9 * ^ (H 2 -°> _ {idr + dl)v x {r)\ dr, 



in a space defined around v\. We take as an ansatz for our problem 



HrP- 

v\ = a + e UOx co, 



with 



^,-) = u + (-K 7log ', 

and 7 to be chosen later. It follows that 

(id t + d 2 x )v x = e itd hd t to = -^e it9 -uj. 
So for v in some suitable space defined around vi, we shall have to estimate 



Av—vi = i 



i(*-r)ag ( {\v?-a 2 )v _ {\vi? ~ a 2 )vi \ + / (K| 2 -«>i ^ 7 



Jrc* 2 



The first term of the right hand side will be easier to treat than the last one. We compute 



(M"-a>i = {v l fvl-a I v l = ( a 2 + 2ae tW *uj + {e lW ^f ) ( o + e«^w ) - ^(a + e^w) 



i*^, ,\2 



= aV^w + a^u + 2a|e MO *u;| z + a(e uo -a;)^ + |e lta -u;| V to *u;. 

Here we make the choice 7 = ±a 2 , to get rid of one of the linear terms. By doing this, the 
only linear term left is out of resonance and the integral will converge. 
In conclusion, we are choosing 

v\ = a + e *u, 

with 

u;(V) = u + (-)e ±ia2l °s', 
and we shall do a fixed point argument in spaces defined around Vx, for the operator 

i(t~r)dl ( (H 2 ~Q 2 > _ (\vi\ 2 -a 2 )vi 



(29) 



Av = v\ =f i 



J(t-r)&: 



t)9 2 a 2 e iT9 *LU + 2a\e iTd *uj\ 2 + a(e lT ^w) 2 + \e iTa -u\ 2 e iT °-u 



dr 



rdl, A2A T dl, 



dr. 



Let us finally recall the 1-D Strichartz estimates that will be used throughout this section 
(see [35, [12]). We have 



(30) 



e it9 *f 



LPi(R;L«l) 



< c 



L 2 ! 
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(31) 



,i(t-s)di 



in{s<t} 



F(s)ds 



Lpi(I,LH) 



for any admissible couples (pi,qi), that is 



2 1 1 

- + - = tt, P>2- 
Pi q% 2 

The admissible couples we shall use here are (oo,2) and (4, oo). Also, let us recall the 
dispersion inequality 



(32) 

In particular, 
(33) 



\^f\<-j= t UWO- 



c 



\vi{t)\ <a + C 



2.1. Modified wave operators in mixed norm spaces: proof of Theorem 11.21 Let 

to > 0. We shall perform the fixed point argument for the operator (|29p in the closed ball 



Xr= <v\\\v\\ X = SUp t U \\v(t) - Vi(t)\\ L 2 + t U \\v - Vl\\ L i((t,ao)L°°) < R 

I te[to,oo[ 



with < v and R to be precised later. Let us notice that in view of (|33p . a function v G Xr 
satisfies 

(34) ||«(t)|| L ao < \\vx{t)\\ L ^ + \\v(t) - Vl (t)\\ L ^ <a + c " U+ l Ll +\\ v (t)-v 1 (t)\\ L oo. 



Vt 



We want, for a v G Xr, to estimate in Xr 



i{t-r)dl ( (\v\ 2 -a 2 )v _ (\vi\ 2 -a 2 )vi 



Av — v\ = =Fz 



_ t)9 2 a 2 e iTd2 *cu + 2a\e iTd *uj\ 2 + a{e lTd *uj) 2 + \e ird * uj\ 2 e ird * l 



(It 



e i{t-r)8l « C -- W -r^ F ^ ^ -r| C ^| c ^ = j + Js + Ja + 



We denote here I to be the first term in the right-hand side, and to be the parts of the 
second term involving /c-powers of e iTdx uj. 

For / we shall use the inhomogeneous Strichartz estimates (|3ip . 

J(t-r)dl ( (\v\ 2 -a 2 )v _ (\vi\ 2 - a) 2 vi ' 

T T 



\I\ 



X 



dr 



t 

^Csupt^ / ||M 2 ^ — |^i| 2 wi — a 2 (v — v\)\\ L 2 — 



x 



t <t Jt 



poo 

<Cswpt u / (a 2 + \\vi |||oo + ||f||f,oo )\\v — v\ \\ L 2 
t <t Jt 



dr 

T 
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Since v is in Xr, 



f°° dr 
\\I\\x < C \\v\\ x supt u / (a 2 + H^i ||ioo + |M|i°o)-r— , 
to<t Jt T + 

and by using (f33|) and ([3T 



\I\\x < C \\v\\ x ( a 2 + " Ll + supt 

^0 t <t Jt 



(v - Vi)(t) 



,2 dr 



In the last integral we apply Cauchy-Schwarz inequality to recover the L 4 L°° norm, and 
finally, 

|2 ||„.||2 



The contribution of the cubic power of e x uj is easy to estimate. By using the inho- 
mogeneous Strichartz estimates (j3Tj) and the dispersion inequality (|32|) we get 



I J: 



3\\X 



J{t-T)dl \ e XU} \ e XU} 



dr 



X 



< Csupt 1 " 
t <t Jt 



t <t Jt 



<Csupf / \\j T %u\\loo\\e tTer *u\\ L 2— < Csupt" I Uti+ll^llti+ll^^ <C7(u+)sup — 



d.T 



t <t Jt 



I J,t8% , , 1 2 „ird?. ,,||| 

\e x u>\ e u\\\l 2 



dr 



d,T 



to<t 



The quadratic terms can be handled in the same way, and we obtain 



2\\X 



J(t-r)d 2 x 



2a\e iTd *Lu\ 2 



-dr 



x 



< Ca \\u + \\ L i\\u + \\ L 2 sup — . 

t <t t2 



So at the end we need to estimate only the linear term 

-dr 



J 



***** 



dr. 



First we estimate its L 2 norm in space. We use the conservation of the mass for the linear 
evolution ([30]) . 

^2 



ll^i(*)li^= / < '' 2:<I U 

and the inhomogeneous Strichartz estimates (|3ip . 
\\Ji(t)\\v <Ca 2 



:i±ia 2 



d,T 



L- 



Ca \\u + \ 



LP'((t,oo),Li') 



Therefore 



supi^ 11^1(^)11^2 < Ca 2 \\u + \\ Lq i sup — 
t <t 1 t <tfp 



r*\\ 11 1 
= Ca \\u + \\ Lq ,— . 

LP'(t,oo) tP 
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We need then u + G L q ' , v < i. From the admissibility relation, the best choice is p = 4. 

Moreover, since u + £ L 1 n L 2 , then by interpolation we have also u + £ L g ' . 

For estimating the L°° norm in space of J±, we use the dispersion inequality (|32p . 

\\Ji(t)\\ L oo < Co 2 l|lf+llL1 1 dr < Ca 2 |KIUi4- 

•A r(2r-t)2 £2 



Then 



t 1 ' 

SUp^ ||Jl||x*((t,oo)£«) ^ ^ 11^+ Hi 1 SU P Ti- 



to^* *0<* t 4 

In conclusion, for u+ G L 1 n L 2 , we have obtained 

(||ti4-|| 2 Hull 2 \ t U t U t U 

a 2 + — — ^ + +C(n+) sup — +C(u+) a sup — +C(u+) a 2 sup — . 

*o Vh) / i <i * *o<* t 2 t <t ti 

Let v = \- Then there exists a constant R small with respect to to, and a positive small 
constant do, such that for all a < and all u + small enough in L 1 n L 2 with respect to 
to, ao and i?, we can apply the fixed point theorem in Xr. We get then a unique solution 
v of equation (flTJj) such that 



v - vx e C([to, oo), L 2 (M)) n L 4 ([t , oo), L c 
with the rate of decay ([2"T]) . so the proof of Theorem 11.21 is complete. 

2.2. Proof of Corollary 11.31 Let to > 0. We denote to = j- and we consider v to be the 
corresponding solution of Theorem 11.21 satisfying the decay (|2ip as t goes to infinity, 

\\V - Vl|| i oo(( tj0o)jL 2 )nL 4(( t)00 ) ii oo) = 0(t~ 4 ). 

Then u, the pseudo-conformal transform of v, will satisfy equation (|17p . We want to show 
the first assertion (|22|) of Corollary 11.31 namely the decay as t goes to zero, 

\\u - «l||L°°((0,t),L 2 )nL 4 ((0,t),L°°) = ^{ti). 

The mixed normed spaces we are using spaces are invariant under the pseudo-conformal 
transformation T, and since 

we notice that (|22p is equivalent to have, as t goes to infinity, 

= o(t~ 



/, \ ±ia 2 logi e 4t - / x 

fit, x) — a — e B n+ — 

V 7 V^Hi V2t 



L°°((t,oo),L 2 )nL 4 ((t,oo),L°°) 
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In view of (|2ip . this is equivalent to have this decay for the difference 



vx{t,x) 



o(t- 



L°°((t,oo),L 2 )nL 4 ((t,oo),L°°) 



From the definition of v\, it is enough to prove 



■si 



x 



0(f 



L°°((t,oo),L 2 )nL 4 ((t,oo),L°°) 

which is one of the properties of the linear Schrodinger evolutions. On the one hand, in 
L 4 ((t, oo), L°°) both terms decay like t~i as t goes to infinity. On the other hand, the 
expression of the free Schrodinger solution gives 

-2 



e it9 *u. 



y/4mt 



2t 



1 



L 2 



_iBL iU— 

e 2* e « 



u + (y)dy-u + ( — 



L 2 



. .2 



2* 



L 2 



e « 



i «+(y) 



If it + is in L 2 n L 2 (y 4 dy), that is if u+ £ H 2 , then this difference is In conclusion, 

the first part (|22l) of Corollary 11.31 is proved. Relation (|23p is obtained from (|22p by using 
the general formula 



|2 -M 2 IIli<(II/IIl 2 + II5||l 2 )II/-5||l 2 , 

and then (|24|) follows by the triangle inequality. 



2.3. Modified wave operators in Sobolev spaces: proof of Theorem II. 41 Let 

to > 0, s £ N*. In this subsection we shall perform the fixed point argument for the 
operator (I29p in the closed ball 

Yr=\v\\\v\\ y = sup \t\»\\(v-v 1 )(t)\\ L 2+ S sup |*H|V*(t;-t;i)(t)|U2<.RL 

[ *e[to,°o[ 1 - fe ^ s *6[t ,oo[ J 

for strictly positive v, fi and i?, to be precised later. Let us notice that in one dimension 
l/| 2 < ll/M/V- Then, for « € y fl , 

(35) |(^-^)(t)|<-^, 

i 2 



and 

(36) v V ty - ^ ^ || v — v± j^ujj || i2 || v ^t/ — i^; ||£ 2 

for all < fc < s. Moreover, by using the dispersion inequality (|32p . for all < k < s, 

|V fc n + llLi 



\V k (v - Vl )(t)\ < C \\V k+1 (v - vi)(t))\\U^ k ( v - WiXt))!!*, < 



v k e ±ia 2 \ogt e ita 2 u+ 
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It follows that for v E Yr, 

(37) \v(t)\ < \ Vl (t)\ + \v(t) - Vl (t)\<a + C ^±^ + 
and that for all < k < s, 

(38) \V k v(t)\ < C|V%(i)| + \V k (v - Vl )(t)\ < C I|V ^ IIl1 + 

The proof follows as in the subsection §2.11 by estimating the terms / and J\~ in Y 
By using the conservation of the L 2 norm of the free equation (|30p . 



supt u \\I(t)\\ L 2 = sup^ 

t <t t <t 



L- 



f°° dr 
<Csup^ / |||f| 2 f — |^i| 2 ^i — a 2 (v — vi)\\ L 2 — 
t <t Jt T 



< Csupt u / (a 2 + || fl|||oo + \\V 

t Q <t Jt 



|2 Ml II dT 
\ L ^)\\V - Vi\\ L 2 . 

r 



tot 

Since v is in Yr, 

dr 



sup t v \\I(t) \\ L 2 < C\\v\\ Y sup t u / (a 2 + \\vx\\1°° + 

t <t t <t Jt 

By using the bound ([33]) on vi, and ([37]) on v, we get 



mvt"\\I{t)\\ L *<C\\v\\y a^ + ^^ + ;/ 

For the L 2 norm of the first derivative, we have 

r°° dr 
sup^||VI(t)|| i2 < Csupi" / ||V(M 2 t; - |wi|V)|| i2 + a 2 ||V(v - vx)\\ L 2 — 

t <t t <t Jt T 

poo 

< Co 2 ||f ||y + Csupt M / (|b||loo||V(w-Wi)|| L 2 + (||ti|| i oo + ||z; 1 || 1 oo)||Vt;i||_Loo||?;-v 1 || L 2 
t <t Jt 

By using again the fact that v G Yr and the bounds ([33]) . ([37]) . we obtain 



(Ci?) 2 \ / t" 
oup v- || v-i v^iil^ ^ ^ I " "i 7 1" 1 + SU P "Trr; 

t <t V *0 tn / V t <^2+ i/ 



The higher order derivatives can be estimated similarly, and we get 

urn ^n „ ( 2 IKIl£i (<?^) 2 \ A #* 
||I||r < C ||w||y a 2 + + i-x^- 1 + sup — 
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We estimate now J3 by using the invariance of the H s norm for the free evolution, and 
by using the fact that H S (M) is an algebra, 



3 W H* 



J(t-r)8l \ e XUJ \ e XUJ 



dr 



< supt^ / \\\e lTa ^\' z e tTO -uj\\\ H s — 



t <t Jt 



We first consider the L? norm of J2, that can be estimated as done in the previous 
subsection Ej2.ll 



supt u \\J 2 (t)\\ L 2 <Casupt u [ 
t <t t <t Jt 



t <t Jt 



|Jt9?,|2||| dl ~ 
\e x u>\ — 

r 



<Casup^ / ||e* T ^u;||Loo \\e lTd *uj\\ L 2 — < Ca \\u+\\ L i \\u + \\ L 2 supt u I ^3- 



10 

3 

t <t Jt T2 



= C a Wu+Wli ||m+||^2 sup — . 

t <t t2 

Of course, the derivatives can also be estimated in this way. Nevertheless, for our final 
purpose of studying the binormal flow, we shall need more decay on the derivatives. More 
precisely, we have the following lemma concerning J2(t). 



Lemma 2.1. If u + € H 1 n H s , then 



(39) S <fc< s 
Proof. We have 



V k J 2 (t) 



2 £j[\\ u +\\'h-i + W" + 



|2 



V fe J 2 = V k a 



-dr + 2V k a / e 



ird 2 

e x u 



-dr. 



By using the Fourier transform in space, the first quadratic term is 

2 

r oo r p -i(t-r)e 

-dr 



V" 



x 2 1 e %rd *bj 



T 



\£\ k e ixi e iTd iu + * e iTd lu+ d£ dr 



e -ite-ir(ri 2 +(v-a) 2 -e) 



\£\ k e ix ^u + (r])u + {r, - dn d£ dr. 



We perform an integration by parts in time and get 

r oo ( e iTd *u? 2 

jk I „i(t—r)d 2 



-dT 



T 



e -im 2 +2 V ( V -z)) 



fl^ia 2 



2ir](j] - £) 



-(1 =F2ia 2 



-2^2ia 2 



We 



2*77(77 - £) 



dr] dt; dr. 
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Therefore, as t goes to infinity, 



V 



(e iTd *u?)' 



/CO 
e i(t-r)d% _v ,_ (h 



< 



lei* 



k u + , u + 



(0 



L 2 



For > 1, H k is an algebra, so we get 



J 0<fc<s 



PC 



J(t-r)d; 



dr 



< a 



The second quadratic term can be also estimated similarly and we get 

2 ^ 

poo e lTdx UJ poo p p -i(t-T)(, 2 _ — 

V fe J e ^- T ^ dr = J J \£\ k - — e ix ^ d iu + * e~^u + <% dr 



+ 



e -«*(r+2$(??-C)) , . , u, (r))u,(n — £) 

: \t\ k + i T< + \, } d n « 

t 2i£(r] - 



III 



For having a good bound, we need to avoid the powers of £ in the denominator. That is 
why the I? norm was considered apart before this Lemma, and the decay in time obtained 
was weaker. So by taking k > 1, we get 

2 



V k a / e^ 9 * 



e iTd *ou 



-dr 



< 



ler 1 ( u + * n. ) (0 



a 

L 2 = * 



Hk-l 



For = 1 we use the imbedding L°°(R) C i7 1 (R) and we get the upper-bound f||it+ \\m ll^+llij-i • 
For k > 2 we use the fact that H k ~ 1 (M.) is an algebra, and we get the upper-bound 

f (ll«+ll j-i + \\ u +\\Hk-2)- 

In conclusion, if 

then we can control in 1? the first and higher derivatives up to s of the quadratic terms, 
like stated in the Lemma. □ 

The linear term J\ will be treated similarly. We have the following Lemma. 

Lemma 2.2. Ifu+ G H~ 2 n .£P~ 2 , iften 



(40) 



->0<k<s 



V fe JiW 2 < y (||«+||h-2 + ||«+ Wh-*) 
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Proof. We write 

f c 

m = J 



-l±Ki- 



oIt 



-i{t-2T)i 2 

T-l±ia 2 



e ix ^u + {-i)didT, 



and we perform an integration by parts in r, 



Ji(t) 



By Plancherel we get 
(41) 



2i? 



d£ + (1 ± io 2 



-2±ia 2 



-d£dr. 



\\m\\2< 



a 

T 



«+(-£) 



C 2 



Since derivatives in the space variable commutes with e*(* r )^, we obtain similarly for 

k £ W, 



(42) V fc Ji(t) 

and the lemma follows. 

Summarizing, we have obtained that 

\\A(v)\\ Y <C\\v\\ y K + 



2 ~ t 



2-k 



□ 



to 



+ 



1 + sup — 

t <t f2 +U 



t» + f t v w + t 1 " 

+C(it+) sup h C(u + ) a sup — + C(u + ) a sup h C(«+) a sup , 

t <t t t <t £2 to<t t t <t t 

with the constants depending on the H~ 2 D £P Pi W S)1 norm of u + . The choice v = i and 
/x = 1 from the statement of Theorem 11.41 satisfy 0<z/<^,0</i<l and /i < | + 17 • 
Therefore there exists a positive constant R, small with respect to to, and a positive 
constant ao, such that for all a < ao, and all u + £ H~ 2 n -£P n VF 5 ' 1 small with respect to 
ao, to and i?, we can apply the fixed point theorem in Yr. We get this way a solution v of 
equation (fl~9j) such that 



satisfying 
(43) 



(v - Vl )(t)\\ L2 < 



R_ 



\V k (v-V 1 )(t)\\L 2 <J, 



and the proof of Theorem 11.41 is complete. 
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3. The construction of the binormal flow for positive times 



In this section we show how to construct a binormal flow for all times t > from a 
solution obtained in Theorem 11.41 The next section will contain the proof of the fact that 
this new binormal flow is close to the selfsimilar one Xa, and that a singularity is still 
formed at time t = 0. 

We fix e > 0, a < ao and to = l/^o- With the notations of the previous section, let R 
small enough with respect to e, to an d a, and u+ 6 H~ 2 D H s n W 5 ' 1 small with respect to 
e, a, to and -R. We consider the corresponding solution v of Theorem 11.41 with s = 3 and 
equation (|17jl with focusing sign +. We take s = 3 to have v smooth: i? 3 (M) C C^(R) is 
enough for our purposes. In subsection £ j3.1l we give some estimates in time on v, v — a and 
v — vi, obtained from the statement of Theorem 11.41 Then, we define in §3.21 a curvature 
and a torsion, and use these estimates for calculating their leading terms as t goes to zero. 
These estimates will be used throughout the rest of the paper. The last subsection §3.31 
concerns the new binormal flow. Using the curvature and the torsion, that are continuous 
for t > but not at t = 0, the binormal flow is constructed for all positive times. The 
estimates in £13.21 allows us to obtain a limit at t = for the flow of curves. 



3.1. Estimates from Theorem 11.41 We define / by 

v(t,y) =a + f(t,y), 

that is 

f(t,y) = e^V^u+G/) + (v- Vl )(t,y). 

Hereafter in this section, when for a given h we write the expression d x h (-r, f ) we shall 
mean g'(x) with g(x) = h |). 

When t goes to zero, we have different estimates for the two terms of / {\, f ). For the 



second one we get from the estimates (|43[) on v — v\ 
T x 



(v - Vl) 



t 1 t 



< Rt* 



d x (v - vi) 



1 x 

t' t 



.ft. 



< R. 



For the first term of / we have only the dispersion decay rate 

<c(u+)Vi 



-io? \ogt„i\dl 



e t^^ u 



d x e- ia2lo ^e i ^u+ (| 



< 



C(u + ) 
Vt ' 



Since R is small enough with respect to to and a, and u + is small with respect to R, to 
and ao, we get 



(44) 



/ 



1 x 
V t 



< C(R)Vi 



d x f 



1 x 
t' t 



< 



C(R) 
Vt ' 
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However, at x = we get a better decay for the first derivative. From the expression of 
the free Schrodinger evolution, 



e ~iaHogt e i\dl u+ , _ 



- io? log t 



e « 



e 2 e 4 



t u+(y)dy, 



and taking x = 0, 



x=0 



e * 



t u + (y)dy 



Therefore at x = 0, 
(45) 



< v^Hyw+llii < \/t (||y 2 n+|| L 2 + ||u + || L2 ) . 

<C(R). 



x=0 



3.2. The curvature and the torsion. We start by defining a curvature and a torsion 
from the solution v of Theorem 11.41 Let us recall that since v is a solution of the focusing 
equation (fl~9j) . then its pseudo-conformal transform 



u(t, x) 



e l a _ ( 1 x 
-v 



is a solution of 



iu t + u xx + u 



V* V*' * 

„2 



u = 0. 



Since v is regular enough and does not vanish, we can define two real functions r and <f> 
such that u 

u{t,x) = c{t,x)e i ^ t ' x) . 

We define r(t,x) := 4> x (t,x), so 

«(t,i) = c{t,x)e i ^< t ' s ) ds +<f>m. 

Then, the function 

u(t,x) = c(t,x)e i ^ r{t ' s)ds , 

2 

is a filament function, solution of (|14p with replaced by %- + <j)t(t, 0). As will be seen 



in the next subsection £ 13.31 there exists a binormal flow of curves such that the curvature 
and the torsion are c and r. 

As t goes to zero, we shall compute the leading terms of (c, r). We have 



c(t, x) = \u(t, x)\ 



Vt 



1 x 
t't 



and 



r(t, x) = 9 



u,(i,aO_^(if)+^(i,f) 



it(i, x) 



'i x 



f) 
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Since v = a + f, the square of the curvature is 

c\t, X ) = ^(i + ^f+ l -il 

t \ a a z 

Because c and a are positive, 



1 x 

t't 



K 1 Vi c + a/Vt V t t 



t't 1 



and in view of estimate (|44p on /, we obtain the estimate on the curvature, 



(46) 



< 



1 



Ifl 2 

231/ + ^- 
a 



1 x 
t't 



< C{R). 



We recall that R is small with respect to to an d a. It follows that c > a/2\/t. Hence 
similarly, from d x c 2 = 2cd x c, we get an estimate on the first derivative in space of the 
curvature, by using 



(47) 



\d x c\ < -L 



< 



C(R) 



At x = we can use (|45j) and get 



(48) 



1 



|9«c(t,0)| < 



r>, ( 23?/ + 1^ 
a 



1 x 

t't 



< 



g(g) 



The torsion is well defined and is given by 
r(t, x) = 9 



V« + /(if))+^/(|,f) 



+7(if) 



Then 



and so we get, 



ix 1 



r(t,x) - 3= — - -d x f -, - 



2t a 



1 x 



f t 



' «(*+/&!)) ' 



(49) 



x 
2t 



r(t, x 

In particular, by (|4"4"|) we get 

(50) 



< 



r(t,x) 



2* 



< 



d x f 
C(R) 



1 x 

t't 



1 X 

I' 7 



< C(R)y/t. 



and by (|45|) we have at x = 0, 

(51) |r(i,0)| <C(R). 

Let us give also an estimate at x = 0. By the definition of u and cj> we have 

c(t,0)e^' 0) 



71 = " ( '' 0, -^ = >-° , (t' 
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From estimates (1131) on / we get that 



c(t,0)e 



icf>(t,0) 



a 

Vt 



< C(R), 



and by using (go 
a 

Vi 



,i<f>(t,o) 



< 



Vt 



c(t,0) 



+ 



c(t,0)e 



a 



< C{R). 



Therefore, since R is small enough, 



(52) 



.■ <K*,Q) 
e 2 



| e ^(i,o) 


- 1 


.0(i,O) 


+ 1 


e 2 



< C{R)Vt. 



Finally, let us recall that the curvature and the torsion of the selfsimilar binormal flow 

Xa are 



(53) 



c a x ) = ' 



r a (t,s) = -. 



Therefore all the estimates in this subsection show that (c, r) is uniformly close to (c a ,r a ). 
This will be used in the next section $4l 

3.3. The integration of the binormal flow. From the curvature and the torsion defined 
in the previous subsection, we shall construct a corresponding family of curves solution 
of (pQ). We first construct its tangent, normal and binormal vectors (T,n,b)(t, x) in the 
following way. For a given (T, n, b)(to, 0), we define (T,n,b)(t,0) by imposing 



(54) 




(t,0) 



V 



CT 
Or 



— CT 








\ 




This is the system that the time derivatives of the tangent, normal, and binormal of a 
binormal flow verifies. This will be proved in the Appendix. 

Then, we construct (T, n, b)(t, x) from (T, n, b)(t, 0) by integrating the Frenet system for 
fixed t 









(t,x)= | 










c 








— c 





r 


I 







— r 


o J 







This way T will solve, (see the Appendix) 

T t = TAT XX . 

With T constructed this way, for a given curve x(to, 0), we define for all to > t > 0, 

rt 



X(t,x) := x(to,0) 



(cb)(t',0)dt' + / T(t,s)ds. 
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Using the Frenet system, 

T t = T A T xx = T A (cn) x = T A (c x n + crb) = —cm + c x b, 
and it follows that \ solves the binormal flow equation ([3]). 

Therefore x) is constructed for all times when the curvature and the torsion are 
regular, that is for t > 0. Finally, by using ([3]) and the expression of the curvature (j46]) we 
have 



t 2 

c(t, x)b(t, x)dx 



(55) |x(*i,») - X(*2,a;)| , _ , tl t2 _* 

By denoting Xo( x ) the limit at t = 0, we obtain similarly that for all x £ (— oo, oo), 

|x(*,a?) - Xo(aj)| < CaVi, 
and the first part of Theorem 11.51 is proved. 

4. The formation of the singularity for the binormal flow 

In this section we shall prove the second part of the statement of Theorem 11.51 We shall 
show that the binormal flow \ constructed in the previous section is close to the selfsimilar 
one Xa- This will allow us to conclude that a corner is still formed at time zero at x = 0. 

To this purpose, we start by showing that the tangent T of x remains close to T a , the 
tangent of \a- This will be done in three steps in the next three subsections. First we show 
that (T,n,b)(t,x) remains close to (T a ,n a ,b a )(t,x) at t = 0. Using this we show in the 
second step that (T,n,b)(t,x) remains close to (T a ,n a ,b a )(t,x) for x < \/t. In particular, 
T(t,x) is close to T a (t,x) for x < This will imply in the final step that T(t,x) is close 
to T a (t, x) also for Vt < x. 

In the last subsection the information that T(t,x) is close to T a (t,x) is used to show 
that x(0, x) is close to x a (0,x). 

4.1. Estimates at (t, 0). Let us recall that in subsection l3.3l we have constructed (T, n, b)(t, 0) 
by imposing ^4 









(t,x)= | 











)i 









—CT C x 

CT Zxx^L J j „ j (/..,-). 

-Cx 

As notice when the curvature and the torsion have been defined in subsection 13.21 the 
function 

u(t,x) = c(t,x)e i fi T ( t ' s)ds , 

2 

is a filament function, solution of (|14p with A(t) replaced by + 4>t(t,0). It follows that 
we have the condition (1151) 



Ob _ , , / C-t'-t' CT 



t + d t ct>{t, o) = 2 ( ^— — ) (t, o) + C (t, oy. 



2(i 
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Therefore we obtain 



T 

n I (t,0) 



/ -cr 

cr 

\ _ r c a- c2 _ h. 

\ L-x 2 2 



2 1 2 





In order to get rid of the term (f>t(t,0), we introduce 

n + ib = e* 2 (n + ib). 
A straightforward computation gives us 



h t + ib t = e J 2 ( n t + ib t + i-^-n - -£b ) = e J 2 (c T - ic x )T - C a - (n + ib) 



and 



/ T x 




If, 


) (*,0) = 







c t cos ;| + c x sin * 
V ct sin | — c x cos j 



-c r cos t| — c x sin ^ — c r sin | + c x cos jjf 
u 2 



T 
h 
b 



We choose as an initial data (T,n, b)(to, 0) = (T a , n a , b a )(to, 0). Since (T a , n a , 6 a )(t, 0) is 
the orthonormal basis of M 3 , we obtain 



T-T a 
n-n a 
b-b a 



/•to 

(t,o)<3 y 



|cr| + |c x | + |c a - c 



2 " 2 \)(a,0)da. 



From the expressions (146!) .(|48 j ). (15ip of the curvature and the torsion at x = 0, 

„2 2 1 



|cr| + | C:[ .| + | C 2- c 2 |)(a,0) < ^p-. 



Therefore we get 
(56) 



T-T a 
h-n a 
b-b a 



(t,0)<C(R), 



and the fact that (T, n,b)(t, 0) has a limit as i goes to zero. Finally, 

| (n + »6) - (n o + »6 )| < |(n + »&) - e* t ( n + ib) | + | (n + i&) - (n« + ib a ) \ , 
and in view of (|52|) and (|56|) . we obtain 



(57) 



T — T a 
n-n a 
b-b a 



(t,0)<C(R), 



and the fact that (T,n,b)(t,0) has a limit as t goes to zero. 
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4.2. Estimates at (t, x) for x < \ft. Let us denote 

N = n + ib. 

The tangent, normal and binormal were constructed in subsection 13.31 such that we can use 
the Frenet system. This gives us 

N x = —cT + rb — irn = —cT — irN, 

so that 

(N - N a ) x = -(c - c a )T - c a {T - T a ) - i{r - r a )N - ir a (N - N a ). 
In particular, 

(58) e-*£ (e'^iN-Nafj = -(c - c a )T - c a (T - T a ) - i(r - r a )N, 

and 

(T - T a ) x = cn- c a n a = (c - c a )n + c a (n - n a ). 

If we denote 

£ 2 = |T-T a | 2 + |iV_Ag 2 , 

we can compute using ([58]) 

S 2 = 2 < (c - c a )n + c a (n - n a ),T- T a > 

+2 < -(c - c a )T - c a {T - T a ) - *(t - r a )iV, iV - iV a > . 
The tangent and the normal vectors are of norm 1, and \N\ is bounded by 2, so 
2EE X < 2|c - c a ||T - T a \ + c a \n - n a \\T - T a \ 
+2\c-c a \\N-N a \+c a \T-T a \\N-N a \ + \T-r a \\N-N a \ 
<2(|c-c a | + |r-r a |)S + c a S 2 . 

Therefore 

(e" x 57TE) < e" x ^(|c - c a | + |r - r a |), 

and so ^ 

S(t,x) <e^S(t,0)+e^ /" e ^i7!(| c - c a \ + |r - r a \)(t, y)dy. 

Jo 

For x < Myi, with M to be chosen later, we have 

S(f,j;)<etE(f ) 0)+etMv / f sup (\c - c a \ + |r - r a \)(t, y). 

0<y<MVt 

Using the bounds (|46p . (|50p of the curvature and torsion, 

< e^S(i,0) + e^MC(i?). 
In the last subsection we shall choose M large, so we can write 

£(t,x) < e Ma S(t,0) + e Ma C{R). 



2N 
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By ([57]) . that is proved in the previous subsection, £(t, 0) < C(R) and we get 

< e Ma C(R). 

In conclusion, in the region a; < M\fl 



(59) 



/T- 








1 n — 


n a 


(t,x) 


< 


V b ~ 


b a j 







< e Ma C{R). 



4.3. Estimates at (t, x) for \ft < x. Using the Frenet system again we write 
T(t,x')-T(t,x) = f 

J X 



cn 



c ( 1 ) n + —rn. 

Taj r a 



Since b x = — rn, we do an integration by parts in the last term, 



T(t,x') -T(t,x) 
and by using the explicit expression r a (t,x 
(60) 





X r- 




+ 




x J x 



T„. - T 



n+ — b 



T{t,x') = T(t,x) + 2tc{t,X \ (t,x) - 2tc{t ; X,) Kt,x') 



+ 



Now we write the difference 



2tc / s 



s \2t 



, 2tC \ L J 

t j /) + j — J bus. 



(T - T a )(t, x') = (T — T a )(t, x) + 2t{ \ Ca) b + ^(6 - ba) - 2t(C , Ca) b - ^!L(6 



2tc / s 



+ " s \2t 
By choosing x' > x = My/t, 



T)n + 



X X 

2t{c - Co) 



b + 



2tc a 



(b - b a ) ds. 



\T - T a \(t, x>) <\T - T a \(t, MVt) + ^\ Cal + ^ 



+ 



1 ^JL-.wf 2 " -^! b+ 

Myft 



s \2t 



2tc„ 



(b - b a ) ds 



The result ([59]) of the previous subsection together with the decay ([4"6]) of c — c a give 



(61) 



|(T - T a )(t, x')\ < e Ma C(R) + £(1 + C(R)) 



8a 



M 



+ 



2tc„ 



(6 - 6 a ) ds 



We denote Ii, /2 an d I3 the integral terms. 
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The last term can be easily estimated by 

rX ' '2tCa 



M\fl 



b n ) ds 



< 2 



(2ay/i\ 
M-Ji V s 



< 



4a 
M' 



Now we consider the second term in the integral 

f 2t{C-Cg )' 

iMy/t V S 

We have from the estimates (|4"6"|) and (|47p on the c — c a and on c x respectively, 



bds 





2tc s 


+ 


2t (c - ca) 


JMyfl 


s 




s 2 



ds. 



2tc s (t,s) 



< 



Cy/i 



and 



2t (c-c a )(t,s) 



"-"if 



< 2 4\n 



+ 



Cy/i 



ft' 1 



By using Cauchy-Schwarz' inequality and the bounds fl44D on /, we get 



\U < 



' cVt 

M\/t s 



ds + 



Finally from the expression (|49p of the torsion, 



< C 



gCg) 

M ' 



1 s 



< 



x ' C\/t 



In conclusion, we can transform (1611) into 



Mv't s 
ds 



ft 



f t 

C(R) 
M 



—dsfl-,- 1 + -/ T 



(62) |(T -T a )(t,x')\ < e Ma O(R,u + ) + + 0(R,u + )) + / 

Next we need the following lemma. 



Cy/i 

M\/i s 



d s f 



t : 



Lemma 4.1. The following estimate holds 



x ' CVi 



d s f 



1 s 
ft 



I.- „ C ( R ) 
ds < \\u + \\ L it X)X ,\ H y^t. 

\/X 



Proof. Recall that / is given by 

f(t,y) = 

Denote by A\ and A<i the two terms in the above sum 



e ia2l ^ t e ud 'u + (y) + (v-v 1 )(t,y). 



The second one can be estimated easily by using Cauchy-Schwarz inequality, 



An 



s 



<K(r- i'[ ) ( 



ds <\/i 



L 2 (x,x') 



<)Jr - rj. ) ( -,~ 
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and the rate of decay of Theorem 11.41 

A 2 <Vt^j=-y/iC(R)t = ^-t 

\/X t yJX 



By using the expression of the free Schrodinger evolution, 



< 



1 

< - 



e 1 2 e l * t u + (y)dy 
< 2 e lM i t u + (y)dy ds + 



ds 



x t 
s 



d s [e l *t I e * 2 e* 4 l u + {y)dy 



ds 



I 

s 



e 1 2 e l * t yu + (y)dy 



ds 



ds 



e "2 I e* 4 * 



1 u + (y)dy 



ds 


1 


T + t 






S 



L 2 (a;,a;') 



In the second term we perform an integration by parts, and we obtain 



Al < \\u+\\ L l( X)X r) + 



X j 

S 



e 2 a, 



< 



< u i 





1 






+ 








s 


L 2 {x,x') 



iM—t 

e 4 1 



e 4 1 



1 J ) dy 

1 J 



ds + —\\yu + \\ L 2 

x 



\L 1 (x,x') + 



- 1 



+ —^\\yu+\\L2 

L 2 



t „ i „ 



Since (1 + y 2 )u+ is in if , the lemma follows. 



□ 



Let us first notice that in 1-D we can upper bound ||"U + ||^i < Since M will be 

chosen large, the Lemma allows us to re-write (|62p for all x 1 > x = M-yi, 

\(T-T a )(t,x')\<^ + e Ma C(R). 

4.4. The formation of the singularity. Putting together the results of the three previ- 
ous subsection, we have obtained that for all e > 0, and choosing first M large in terms of 
e and a, then R, and then u + small in terms of e, a and to, we get that for all x and as t 
goes to zero, 

\T(t,x)-T a (t,x)\ <e. 
Also notice that Lipschitz property of xo easily follows from (|55p . 
For t > 0, x > 0, 



so that, 



X{t,x)- X (t,0) = / T{t,s)ds 
Jo 

px rx 

Atx+ (T(t,s)-T a (t,s))ds+ (T a (t,s)-A+)ds, 
Jo Jo 

/•x 

\ X (t, x) - x (t, 0) -A+x- (T a (t, s) - At) ds\ < ex. 

Jo 
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As it was said in the Introduction the behaviour of T a (t,s) as t goes to zero was studied 
in [15] . We shall use (fTUj) with ip = ho x ] to get 



i-x 

lim / (T a (t,s)-A+)ds = 0. 

*^0+ Jo 



Therefore, by letting t going to zero we get 

\Xo(x) - Xo(0) - A+x\ < ex, 
and the proof of Theorem 11.41 is complete. 

5. Further properties of the binormal flow 

In this section we shall prove that the tangent vector T(t, x) has a limit, for fixed t, as 
|x| goes to infinity. 

We have obtained in the previous subsection the identity ([60]) . 



T(t, x') - T(t, x) = 2tc{t,x \ (t, x) - 2tc{t ; x,) Kt, x) 



+ 



x 2tc ( s 

rln 



2t 



^ 1 ids. 



We shall prove that the difference T(t, x') — T(t, x) goes to zero as x, x' go to infinity. We 
recall the expression (I46p of the curvature, 

2tc(t,s) < 2Vta + 2Vi\f \ (-,-) +2 ^^^'^ . 

\t t J a 

In view of the estimates (|44p on /, when x,x' go to infinity, 



\T(t,x')-T(t,x)\ < 



2tc / s 



2t 



+ 



2tc a (t,s) 



2tc(t,s) 



ds = B 1 + B 2 + B 3 



As before, the last term B3 is integrable on (x,x'), and its integral goes to zero as x, x' 
go to infinity. 

By using the expression (|45p of the derivative of the curvature, 



Bo 



2t c s (t, s) 



< 



Cy/t 



+ 



; ' cVt 



We apply Cauchy-Schwarz inequality in both integrals, and use the estimates (|4"4"]1 on /. 
On one hand, 

2V~t. 

y sJ [ 7,7 J ay^vt - 

L 2 (x,x') 



-d s f -,- 

S J V * t 



< 



L 2 



C(R), 



L 2 (x,x') 



so as x, x' go to infinity, this integral goes to zero. On the other hand, 
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so B2 goes to zero as x,x' go to infinity. 
Finally, by using the torsion expression (09 



2tc(M)/^_ 

s V2t v ' 



< C 



so we can treated B\ similarly. 

In conclusion, the difference T(t, x') — T(t, x) goes to zero as x 1 , x go to infinity. It follows 
that for all times there is a limit 

A + (t) = lim T(t,x). 

x— >oo 

The same argument can be done as x goes to — 00. 

6. Appendix 

We recall here some general facts about the binormal flow. We show how from a curva- 
ture and a torsion defined from a filament function, one can construct tangent, normal and 
binormal vectors with the properties required by a binormal flow, and in particular (0]), 

T t = TAT xx . 

First, we shall compute the system of the derivatives in time of (T,n,b), the tangent, 
normal and binormal vectors of a general binormal flow of curves. Since we have (HJ, by 
using the Frenet system it follows that 

Tt = T A T xx = T A (cn) x = T A (c x n + crb) = —cm + c x b. 

From 

T x = cn 

we get 

cn t = -c t n + (T t ) x = -c t n + (c x b - crn) x 

= —ctn + c xx b — c x ttl — (cr) x n + c 2 tT — cr 2 b. 

The vector n is unitary, so < rit,n >= 0. Hence n± is decomposed only in T and b. We 
have 



n% = ctT 



C X t, CT 



b. 



Therefore, since (T, n, b) form an orthonormal basis of M 3 , the system of derivatives in time 
of the tangent, normal and binormal vectors of a binormal flow is 

c x \ 



(63) 









(t,x) = 




t 



C T 
— C 



x 



— CT 





(t,x) 



Now, given a curvature and a torsion obtained by (|13p from a solution of ()14[) . we 
construct (T, n, b) as explained in subsection §3.31 We fix an initial condition (T, n, b)(to, 0). 
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Then we define (T, n,b)(t, 0) by imposing ([63]) at x = 0. Finally, (T,n,b)(t,x) is obtained 
from (T, n,6)(i,0) by integrating the Frenet system for fixed t. Showing that T solves 
indeed 

T t = T A T xx , 

is then equivalent to showing that 

T t = —cm + c x 6. 

We shall prove actually that we have the whole system of derivatives in time (I63p . 
Let us introduce the notation (a, j3, 7) (t, x) for those functions such that 

(t,x). 

2 

By the way we have constructed T, it follows that (a, (3, 7) and (—ct,c x , Cxx ~ ct ) are the 
same at x = 0. An easy computation of the derivatives in time and in space of T and of n 
shows that these functions solve 

f a\ ( r \ / a \ ( c t \ 

(64) y p J (t,x) = y -t c J yp J (t, x )+ yo J (t, x ). 

Let us notice that since (c, r) were obtained by (fT3|) from a solution of (JHJ), they solve 
DaRios-Betchov's system [9], [4], 

r Cf = ~2c x T - CT X , 

Tt = ( CxX ~ Ct2 ) + C X C. 









| (t,x)= 1 












)l 









(65) 



A straightforward calculation shows then that (—ct,c x , Cxx - CT ) is also a solution of (I64j) , 

Therefore, for fixed i, (a, /9, 7) and (— cr, c x , Cxx ~ CT ) are two solutions of (f64"|) with the 
same initial data at x = 0. It follows that they coincide for all (t, x), so we obtain the 
system of derivatives in time (|63p . In particular, we have indeed that T constructed this 
way solves 

T t = TAT xx . 
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